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. 1 Introduction 
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o 



^T^ I Let X be a centered Gaussian process and, for d > 2 and 12 > 1, let if (fn) be a multiple Wiener-Ito 
j^is ' stochastic integral, of order d, of some symmetric and square-integrable kernel /„ with respect to X. 
\^ . The aim of this paper is to establish general sufficient conditions on the kernels /„, ensuring that the 
^^ ' sequence if (fn) converges stably to a mixture of Gaussian probability laws. The reader is referred e.g. 
to ^1 Chapter 4], |23 and Section 2.3 below, for an exhaustive characterization of stable convergence. 
Here, we shall recall that such a convergence is stronger than the convergence in law, and can be used in 
particular to explain several non-central limit results for functionals of independently scattered random 
measures; see for instance [21]. Our starting point is the following Central Limit Theorem (CLT). 






•rH Theorem 1 (see [19, Theorem 1 and Proposition 3]) If the variance of if {fn) converges to 1 (n ^ 

p^ +00 j the following three conditions are equivalent: (i) if (/„) converges in law to a standard Gaussian 

d random variable iV(0, 1), (ii) E if (fn) — » 3, (Hi) for every r = l,...,d— I, the contraction kernel 

fn ®d-r fn convcrgcs to 0. 

Although the implication (ii) => (i) is rather striking, several recent applications of Theorem ^ (see 
|22j. |S], 0] or P]) have shown that condition (iii) is easier to verify than (ii), since in general there 
is no manageable formula for the fourth moment of a non-trivial multiple Wiener-Ito integral. Also, 
the implication (iii) => (i) (which can be regarded as a simplification of the method of diagrams — see 
e.g. I2HI) suggests that the asymptotic study of the contraction kernels associated to the sequence /„ 
may lead to more general convergence results. In particular, in this paper we address the following 
problem. Let K > be a non-constant random variable having the (finite) chaotic representation Y = 
1 + if (32) + • • • + ifd-i) (32(d-i))i let N ^ N {0, 1) be independent of Y, and suppose that the 
sequence if (/„) satisfies adequate normalization conditions; is it possible to associate to each /„ and 
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each r = l,...,fi— 1, two generalized contraction kernels, say /„ <8)J5-r /" ^^'^ /« '^d*-~r /"' ™ such a way 
that the two relations 

fn'»*d-rfn "f 52r and fn®7~rln -> 0, Vr = 1, . .. , d - 1, (1) 



imply that I^ (/„) converges stably to a/F x A^? This kind of non-central phenomena (convergence 
towards non-trivial mixtures of Gaussian laws) appears regularly, for instance in the analysis of the 
power variations of fractional processes (see e.g. [3]), or in the study of non linear functionals of stationary 
Gaussian sequences (see e.g. jT] Theorems 7-9]). Although there exists a panoply of results characterizing 
the stable convergence in a semi-martingale setting (see J31j IH] or ^1 Ch. 4]), none of them can be 
directly applied to the case of a Gaussian process for which there is no explicit (semi) martingale structure 
(this is true, in particular, for fractional processes). In this paper, we aim at providing results in this 
direction for multiple integrals with respect to general Gaussian processes, by using some ancillary devices 
borrowed from continuous-time martingale calculus (in a spirit similar to |19j). as well as a part of the 
theory of filtrations on general Wiener spaces, as developed e.g. in |321 and PO] (see also |23 for some 
related results in a non-Gaussian framework). 

Now let ^ be a separable Hilbert space, and suppose that the process X ^ X (^) = {X (h) : h E Sj} 
is a centered Gaussian measure (also called an isonormal Gaussian process) over S] (see e.g. [TZ| Ch. 
1], or Section 2.2 below). Then, /„ is a symmetric element of Sj^'^ (i.e., the dth tensor product of Sj) 
for every n, and /„ ^d-r fn € ij'^^r^ Vr = 1, ..., d — 1. In what follows (see Theorem 1111 and formulae 
(|51|l and j5^ below) we construct the two kernels /„ <8)2_r fn and /„ (Ei^lr fn appearing in ^, by 
using resolutions of the identity. These objects are defined as continuous and non-decreasing families 
of orthogonal projections n — {tti : t £ [0, 1]} over io, indexed by [0, 1] and such that ttq = and tti = 
Id.. Each resolution tt induces a time structure on the Gaussian field X [S)), and generates the canonical 
filtration !Fi = a {X {-Kth) : h G S^}, t G [0,1] (note that jT-f^ = a {X) for every tt). In particular, 
the infinite dimensional process t i— > {X {irth) : h E S)} ^ X (iTtSj) can be seen as an infinite collection 
of possibly correlated Gaussian J^/^-martingales. As proved e.g. in |321 and (30] in the framework of 
abstract Wiener spaces, each a (X)-measurable and square integrable random variable (as Skorohod and 
multiple Wiener-Ito integrals with respect to X) is therefore the terminal value of a JFj'^-martingale, 
which is in turn a "generalized adapted stochastic integral" with respect to the infinite dimensional 
process t i—f X (irt^j). Since every real-valued J^j'^-martingale can be shown to be continuous, it follows 
that the stable convergence of cr (X) -measurable random variables can be studied by means of the theory 
of stable convergence for continuous local martingales (see e.g. |^| Ch. 4]). In particular, our starting 
point in the construction of the two contraction operators appearing in ^ is a stable convergence result, 
proved in Proposition |^ below, involving the quadratic variation of continuous local martingales, as 
well as a stochastic time-change result known as the Dambis-Dubins-Schwarz Theorem (DDS Theorem) 
(see e.g. 2SI Ch. V]). Observe that our Proposition |51 is reminiscent of the stable convergence results 
proved by Feigin in [H] . See |31| for similar results involving the stable convergence of multi-dimensional 
martingales, and |21| for an alternative approach based on a decoupling technique, known as the "principle 
of conditioning" . 

We recall that the use of the DDS Theorem has already been crucial in the proof of Theorem ^ 
and its generalizations, as stated in 19 and ;22!. However, we shall stress that the proofs of the main 
results of the present paper (in particular. Theorem 1111 and Theorem 1121 below) are considerably more 
complicated. Indeed, when no resolution of the identity is involved - as it is the case for Theorem n- 
all infinite dimensional Gaussian spaces are trivially isomorphic. It follows that every relevant element 
of the proof of Theorem ^ is contained in the case of X (S)) being the Gaussian space generated by 
a standard one-dimensional Brownian motion on [0,1] (that is, Sj — L'^([0, 1])), and the extension to 
general Gaussian measures can be achieved by elementary considerations (see for instance J19L Section 
2.2]). However, in the present paper the filtrations T^ = a {X (irth) : h £ Sj} play a prominent role, and 
the complexity of these objects may considerably vary, depending on the structure of the resolution n 



(in particular, depending on the rank of 7r-see Section 2.1 below). We shall therefore use a notion of 
equivalence between pairs (i3,7r), where ^ is a Hilbert space and tt is a resolution, instead of the usual 
notion of isomorphism between Hilbert spaces. The use of this equivalence relation implies that, if the 
rank of tt equals q {q = 1, ...,+oo), then J^^ has roughly the structure of the filtration generated by a 
q-dimensional Brownian motion. As a consequence, our first step will be the proof of our main results 
in the framework of an infinite-dimensional Brownian motion, and the extension to the general case will 
be realized by means of rather delicate arguments involving the previously described equivalence relation 
(see Lemma Jlfil belowl . As will become clear later on, our techniques can be regarded as a ramification 
of the theory of concrete representations for abstract Wiener spaces, a concept introduced in |3U[ Section 
5]. The reader is also referred to |^ for some related results in a non-Gaussian context. 

The remainder of the paper is organized as follows. In Section 2.1, we formally introduce the notion 
of resolution of the identity and discuss some of its basic properties. In Section 2.2 some notions from 
stochastic analysis and Skorohod integration are recalled. Sections 2.3-2.5 contain the statements and 
the proofs of some useful stable convergence result for Skorohod integrals. Section 3 is devoted to the 
proof of our main convergence results. We also discuss some relations with the theory of abstract Wiener 
spaces. An Appendix contains the proof of a technical lemma. 

2 Preliminary definitions and results 

Throughout the paper, the following conventions are in order: all random objects are supposed to be 
defined on the same probability space (ri,JF, P); all cr-fields are assumed to be complete; the symbol -^ 
stands for convergence in probability; M is the set of real numbers. 

2.1 Hilbert spaces and resolutions of the identity 

Let S) he a real separable Hilbert space. The symbol (-j-Oa indicates the inner product on Sj, and 
||-|L = (t)?, s-s usual. The space Sj is always endowed with the Borel cr-field generated by the open 
sets of the canonical distance associated to IHL- As already done in [21], we first study the convergence 
of Skorohod integrals by means of increasing families of orthogonal projections, known as resolutions of 
the identity. 

Definition I — A continuous resolution of the identity., is a family tt = {nt : t d [0, 1]} of orthogonal 
projections satisfying: 

(I-a) TTo = 0, and vri ~ Id.; 

(I-b) VO < S < t < 1, TT^iD C TTtS); 

(I-c) Vto e [0, 1], V/i e <o, linit^ta \\{TTt - TTto) h\\s^ - 0. 

A subset F of ^ is said to be tt- reproducing if the linear span of the set {ntf : f ^ F, t ^ [0, 1]} is dense 
in S). The rank of n is the smallest of the dimensions of all the subspaces generated by the tt- reproducing 
subsets of ^. A 7r-reproducing subset i^ of ij is fully orthogonal if (ttj/, g)^ = for every t S [0, 1] and 
every f,gGF. The collection of all tt verifying properties (I-a)-(I-c) is noted 7?. (Sj). 

The reader is referred to T or "3^ for further properties and characterizations of the class TZ (Sj). In 
particular, we shall use the following consequence of |21 Lemma 23.2], that can be proved by a standard 
Gram-Schmidt orthogonalization. 

Lemma 2 Let tt e Ti-i^) and let F he a n -reproducing subset of S) such that dim (i^) = rank (tt), where 
A stands for the closure of the vector space generated by a given set A. Then, there exists a tt -reproducing 
and fully orthogonal subset F' of S), such that dim \F'j = dim [F). 



We will sometimes need to work with elements of TZ (i^) that are not only continuous, but also 
absolutely continuous. 

Definition II - A resolution tt = {ttj : t G [0, 1]} e TZ (S)) is said to be absolutely continuous if, for 
every f,gESj, the function 1 1-^ {T^tg, /)?,, t G [0, 1], is absolutely continuous with respect to the Lebesgue 
measure on [0, 1]. The class of absolutely continuous resolutions in TZ{S)) is noted TZac (■^) ■ 

The elements oUZac (-ft) are used in i3Qs; Section 5] to prove a remarkable bijection between abstract 
and concrete filtered Wiener spaces. More details will be given in Section 3, were we establish a similar 
result for isonormal Gaussian processes as a step to prove stable convergence criteria for multiple integrals. 
With the next result we point out that, up to a "change of time", every n G TZ{f)) can be represented in 
terms of some element of TZac (■^)- 

Lemma 3 For any tt — {-Kt : t G [0, 1]} G TZ {9)), there exists a non decreasing Junction 

7A = {V(i):te[0,l]} 
such that ijj (0) = and the monotone family of projections 

TT* =7r^(t), t G [0,1], 

is an element of TZac (-fi)- 

Proof. Let q = rank (tt) {q is possibly infinite) and let Fj^ = {/j : 1 < J < <z} be a tt- reproducing 
subset of Sj, normalized in such a way that X]?=i ll/jlU ~ 1- Define moreover the increasing function 

(j){t) = X)?=i ll^'t/ilU' * ^ [Oi l]i a^^d set ^ (i) = ini {a : (f> {a) — t} . Then, tp is non decreasing, tp (0) = 0, 
and the family of projections 

T^t = 7r^(t), t G [0,1] , 

is a resolution of the identity verifying X]?=i ll^t/jlU ~ ^j ^'^^ every t G [0,1]. Since i<V is also tt- 
reproducing, we deduce from [2 Lemma 23.1] that tt is absolutely continuous. ■ 

2.2 Gaussian processes, Malliavin operators and representation theorems 

Throughout the following, we write 

X^X{Sj)^{X{f):fGSj} 

to indicate an isonormal Gaussian process, or a Gaussian measure, over the Hilbert space i^. This means 
that X is a centered Gaussian family, indexed by the elements of ij and satisfying the isomorphic relation 

E[Xif)Xig)] = if,g)^, for every /, 5 G ij (2) 

(the notation X (Sj) is adopted exclusively when the role of Sj is relevant to the discussion). 
As in [321 o^ EDI I to every tt G TZ (Sj) we associate the collection of cr-fields 

T^{X)^a{X{7Ttf):fGf)}, t G [0, 1] , (3) 

and we observe that, for every tt G TZ{Sj), t 1-^ T^ {X) defines a continuous filtration (see [301 p. 14]). 
Also, for every f G Sj, the process 1 1-^ X (tt^/), t G [0, 1], is a centered and continuous .7-7 (X)-martingale 
such that, for every rj > 0, the increment X ((TTt+n — '^t) f) = X {TTt+r/f) ~ X (TTtf) is independent of 
T^ (X) (see e.g. gOl Corollary 2.1]). 



As in PJ, we write L (P,^,X) = L {f)^X) to indicate the set of a (X)-measurable and i^-valued 



random variables Y such that E 



\y\\l 



< +00. The class L^ {Sj, X) is a Hilbert space, with inner product 

given by {y,Z)^2/fj x) — '^[0^:^)^,]- Following [301, we associate to every tt G 7?. (i}) the subspace 
Ll (io, X) of n-adapted elements of L^ (i^, X), that is: >" G -L^ (ij, X) if, and only if, Y e L'^ {Sj, X) and, 
for every t e [0, 1] and every h E S), 

iY,7rth),^eT^{X). (4) 

For any resolution tt e 7^(io), -Z^J {^,X) is a closed subspace of L^ {Sj,X). We may occasionally 
write {u,z)j^2ffj\ instead of (u, z)^2/^), when both u and z are in L^ (i3,X). Now, for tt e 7?.(i3), define 
Eyr {^,X) to be the space of elementary elements of L^ (Sj,X), that is, £^ (i3, X) is the collection of those 
elements of L^ (S), X) that are linear combinations of i^-valued random variables of the type 



h=^{tl)iTTt.,-TTt,)f, (5) 

where ^2 > ti, f ^ ^ and <&(ti) is a JF/!^ (X)-measurable, real- valued and square-integrable random 
variable. A proof of the following useful result can be found in 21, Lemma 3] or 30, Lemma 2.2]. 

Lemma 4 For every tt E TZ {9j), the span of the set E-^ {S),X) 0/ adapted elementary elements is dense 
inLli^^X). 

In what follows, we shall apply to the Gaussian measure X some standard notions and results from 
Malliavin calculus (the reader is again referred to ^7] and ^Hl for any unexplained notation or definition) . 
For instance, D — Dx and S — Sx stand, respectively, for the usual Malliavin derivative and Skorohod 
integral with respect to the Gaussian measure X (the dependence on X will be dropped, when there is 
no risk of confusion); for A; > 1, D^ is the space of k times differentiable functionals of X, endowed with 
the norm ||-||j. ^ (see |17l Chapter 1] for a definition of this norm); dom {Sx) is the domain of the operator 

dx- Note that Dx is an operator from D^^ to L'^(S),X), and also that dom{Sx) C L'^{Sj,X). For 
every d > 1, we define Sj'^^ and io®** to be, respectively, the dth tensor product and the rfth symmetric 
tensor product of S). For d > 1 wc will denote by I^ the isometry between S)^'^ equipped with the norm 
Vu! ||-|L®d and the dth Wiener chaos of X. Given g e Sj^'^, we note {g)^ the symmetrization of g, and 

Id (g) = Id ((.9) J 

Plainly, for /, 5 G i3®^ /<f (/ + g) = /f ((/), + (g)J = /<f (/) + /<f ig)- Recah that, when f) = 
L^{Z,Z,i'), {Z,Z) is a measurable space, and j/ is a cr-finite measure with no atoms, then ij®'' = 
Lg {Z'^, Z®'^^ ly®''), where Lil (^Z'^,Z^'^, i^®'^) is the space of symmetric and square integrable functions on 
Z"^. Moreover, for / € fi®'', I^ (/) coincides with the multiple Wiener-Ito integral (of order d) of / with 
respect to X, as defined e.g. in |171 Section 1.1.2]. 

To establish the announced stable convergence results, we use the elements of Tl{S)) to represent 
random variables of the type Sx (u), u G dom {Sx), in terms of continuous-time martingales. In particular, 
we will use the fact that (i) for any tt &TI {Sj), L^ (-Q, AT) C dom {Sx), and (ii) for any u £ L'^{^,X) the 
random variable Sx {u) can be regarded as the terminal value of a real-valued J^^'^-martingale, where J^^ 
is given by @. A proof of the following result can be found in 32, Lemme 1] and PHI Corollary 2.1] 

Proposition 5 Let the assumptions of this section prevail. Then: 
1. L'^{Sj,X) C- dom{Sx), and for every hi, h2 £ L^ {Sj,X) 

E[Sx{hl)Sx{h2)]^{hl,h2)L.j^^Xy (6) 



2. If h €^ £^ (i3, X) has the form h = X]i=i ^i' where n > I, and hi G S.^ (Sj, X) is s.t. 

hi = $i X {ti^h) - 7r^(i) J fi, f, £ Sj, i = 1, ...,n, 

with tj > ii and $i square integrable and T^i-^ {X) -measurable, then 

*i 

n 

5x [h) = ^ $, X [x (tt^w/,) - X (^,(o/.)] . (7) 

i=l 

3. For every u £ L^. {f),X), the process 



t V-* Sx (ntu) , t e [0, 1] , 
is a continuous J-^ (X) -martingale initialized at zero, with quadratic variation equal to 

[\\nM\l--te[o,i]]. 

In the terminology of [22], relation © implies that L^ {^,X) is a closed subspace of the isometric 
subset of dom (Sx), defined as the collection of those h G dom (Sx) such that 

E(^xW')=||/^|li.(^,x)- (8) 

Note that, in general, this isometric subset is not a vector space - see e.g. |B^, p. 170]. The next 
result is partly a consequence of the continuity of tt. It is an abstract version of the Clark- Ocone formula 
(see 521)j and can be proved along the lines of [221 Theoreme 1, formula (2.4) and Theoreme 3]. Observe 
that, in |22], such a result is proved in the context of abstract Wiener spaces. However, such a proof uses 
exclusively isometric properties such as (jHl , and the role of the underlying probability space is immaterial. 
It follows that the extension to general isonormal Gaussian processes is standard: see e.g. ^1 Section 
1.1]. The reader is also referred to ^21 for a general Clark-Ocone formula concerning Banach space valued 
Wiener functionals. 



Proposition 6 (Abstract Clark-Ocone formula) Under the above notation and assumptions (in par- 
ticular, TT Cz TZ (io) j, for every F G Dj,^ , 

F^EiF) + S {proj {DxF \ hi {S), X)]) , (9) 

where DxF is the Malliavin derivative of F, andproj {• | L^ (io, X)j is the orthogonal projection operator 
onLli^,X). 

Remarks — (a) The right-hand side of @ is well defined, since DxF G L^ (S), X) by definition, and 
therefore 

proj {DxF I Ll (io, X)} eLl (io, X) C dom (Sx) , 

where the last inclusion is stated in Proposition |31 

(b) Since D^ is dense in L^ (P) and 6x (ij {Sj,X)) is an isometry (due to ©), formula Q yields 
that every F £ L"^ (P, a (X)) admits a unique "predictable representation" of the form 

F = E{F) + 6xiu), ueLliSj,X); (10) 

see also |23 Remarque 2, p. 172]. 

In the next section, we present a general criterion (Theorem 0), ensuring the stable convergence of a 
sequence of Skorohod integrals towards a mixture of Gaussian distributions. The result has been proved in 
|21| . by using a general convergence criteria for functionals of independently scattered random measures. 
Here we present an alternative proof (partly inspired by some arguments contained in j31j), which is 
based on a time-change technique for continuous-time martingales. 



2.3 Stable convergence of Skorohod integrals 

We first present a standard definition of the classes M and M of random probabiHty measures and 
random fourier transform. 

Definition III - Let B (R) denote the Borel cr-field on K. 

(Ill-a) A map /i (•, •), from B (M) x 17 to M is called a random probability (on M) if, for every C G B (K), 
li{C,-) is a random variable and, for P-a.e. uj, the map C i-^ ij,{C,uj), C G B{M.), defines a 
probability measure on M. The class of all random probabilities is noted M, and, for /i G M, we 
write E/i (•) to indicate the (deterministic) probability measure 

E/i(C)=E[^(C,-)], Ce6(R). (11) 

(Ill-b) For a measurable map </>(•,•), from R x il to C, we write G M if there exists /x G M such that 

(/) (A, w) = /2 (A) (w) , VA G R, for P-a.e. w, (12) 

where /i(-) is defined as 

^,., , > f f exp (iAx) /I ((ia;,a;) if/i(-,Ci;) is a probability measure . _ , , 

u,[\){uj) = < .1 • , A G K. (lo) 

^ "- ' ^ ' y I otherwise. ^ ' 



For every w G 51, ^(A) [uj) is of course a continuous function of A, and the probability E/x(-) = 
j^li{-,u})dF{uj) defined in ltTT|) is often called a mixture of probability measures. The notion of stable 
convergence, which is the content of the next definition, extends the usual notion of convergence in law. 

Definition IV (see e.g. ^1 Chapter 4]) - Let T* C J^ be a a-field, and let /i G M. A sequence of 
real valued r.v.'s {Zn : n > 1} is said to converge !F*-stably to E/x(-), written A"„ —^(s.j^*) IE/i(-), if, for 
every A, 7 G R and every JF*-measurable r.v. Z, 

lim E [exp (^Z) x exp (iAX„)] = E [exp {i-jZ) x /I (A)] , (14) 

n — * + oo 

/i G M is given by H13|l . 

If Xn converges JF*-stably, then the conditional distributions C {X^ \ A) converge for any A ^ T* such 
that P {A) > (the reader is referred e.g. to ^1 Proposition 5.33] for an exhaustive characterization of 
stable convergence). By setting Z = 0, we obtain that if Xn -^(s,t*) ^^^{^)^ then the law of the Ar„'s 
converges weakly to E/i (•). Observe also that, if a sequence of random variables {[/„ : n > 0} is such that 

([/„ - Z„) ^ in Li (P) and A„ ^(,,^.) E/* (•), then [/„ ^(.,^.) E/i (•). 

In what follows, S)m n > 1, is a sequence of real separable Hilbert spaces, whereas, for each n > 1, 
Xn = Xn (Sjn) = {Xn (g) ■ 9 & ^n}, is an isonormal Gaussian process over Sj. The following theorem 
already appears in 21 , where it is proved by using a decoupling technique known as the "principle of 
conditioning". In Section 2.4 we shall present an alternative proof based exclusively on continuous-time 
martingale arguments. 

Theorem 7 Under the previous notation and assumptions, for n > 1, let Tin = {t^ua ■ t G [0,1]} G 
TZ{SJn) o,nd Un G ij {S^mXn). Supposc that there exists a sequence {i„ ■ ri > 1} (Z [0, 1] and a-fields 
{Un '■ n > 1}, such that 

||7r„,t„w„|l^^ -^ (15) 



and 

Un C Un+i n Tl- (X„) . (16) 

If 

for some Y e L^ (P) such that Y ^0, Y >0 and Y ^U* ^ V„W„, then, as n ^ +00, 



"nil?, - y, (17) 



5x^ (Un) -^(sM*) ]Em(-): 

where fi E M verifies Jl (A) — exp f — 4-^ 



Remark — Condition (|l()|l , that already appears in the statement of the main results of [21] , can be 
seen as a weak version of the nesting condition used e.g. in [S] to establish sufficient conditions for the 
stable convergence of semimartingales. 

By using the Clark-Ocone formula stated in PropositionEl we deduce from Theorem|2|a criterion for 
the stable convergence of (Malliavin) differentiable functionals. It is the key to prove the main results of 
the paper. 

Corollary 8 Let Sjn, Xn {^n), T^n, tn andlAn, n>l, satisfy the assumptions of Theorem^A and consider 
a sequence of random variables {i^„ : n > 1}, such that E (i^„) = and Fn G B^ for every n. Then, a 
sufficient condition to have that 

where U* = V„Z^„, /I (A) = exp {-^y\ , VA G K, andY>Q is such that Y e U* , is 



||7r„,t„proj{i^x„-F„ |i'„(i3n,^n)}||' ^0 and \\proj {Dx,^F„ \ LlJS)n,X„)}\\l ^ Y. 

(18) 

2.4 Martingale proof of Theorem [7| 

In this section, we provide a proof of Theorem d involving exclusively continuous martingale arguments. 
It is based on the following general result. 

Proposition 9 Fix T < +cx3. For n > 1, let {Wp : t G [0, T)} be a Brownian motion with respect to a 
filtration 7i" = {7i" : t G [0, T)} of the space (f2, JF, P) (satisfying the usual conditions) and suppose that 
there exists a sequence of random variables {t„ : n > 1} such that Tn is a TL^ -stopping time with values 

in [0, T) and t„ ^ as n ^ +c». Set moreover, for n>l, V^ = ^t^m " W^"„; * G [0, F). Then, 

1. F" - W ^^ 0; 

2. if there exists a sequence of a -fields {Un '■ ri > 1} such that 

Un C Un+1 n K^^ 

then for every random element X defined on (fi, JF, P), with values in some Polish space {S,S) and 
measurable with respect to U* = V„i^„, 

{W'',X)^^{W,X) and {V , X) ^^ (W, X) (19) 

where W is a standard Brownian motion independent of X . 



Proof. The proof is partly inspired by that of TT, Theorem 3.1]. Since t„ ^ by assumption, Point 
1 in the statement is a direct consequence of the Continuous Mapping Theorem (see e.g. PP). Moreover, 

(|19|1 is proved, once it is shown that {V",X) ^ {W,X). To do this, observe first that, for every n, Vn 
is a standard Brownian motion, started from zero and independent of 7i" . We shall now show that, as 
n ~* +CX3, for every A e B {C [0, T)) (S (C [0, T)) is the Borel cr-field of the class C [0, T) of the continuous 
functions on [0, T)) and every B G S, 

F[V" eA,X eB]-P[W eA]F[X eB]^0. (20) 

As a matter of fact, since Un C 7i" , and thanks to the martingale convergence theorem and the fact 
that X e y„Un, 

E\F[X eBln'^J-lxesl < 1&\¥ [X e B {H'^J ^F[X e B \Un]\ 

+E\lxeB-V[XeB\U„]\ 
< 2E\lxeB-P[XeB\U^]\ -. 0, 

n — >+oo 

thus implying that P [X e S | 7i"^J -^ IxeB, and therefore 

FIV" eA,X eB]-F[W eA]F[X eB] = FlV" e A,X e B] -F,[lv„eAP[X e B {H'^J] 

+E [lv„eAF [X eB\ W;?J] -F[W eA]F[X eB] 

= P[y"e^,XeB]-E[iv„eAP[XeB|K ]] ^ 0, 

where the last equality follows from the independence of Vn and 7i" . Since l|20|l implies that (V^", X) ^ 
{W,X), with VF and X independent, the proof is concluded. ■ 

Proof of Theorem [7| — According to Proposition [SJ-S, for each n the process t i-^ Sx^^ (7r„.tw„) is 
a continuous square-integrable J^^" (X„)-martingale with quadratic variation t <—> ||7r„^tu„|L = ipn (t), 
t e [0, 1]. Now define 

Ss = K:.s ' « ^ 0' where p„,, = inf {x £ [0, 1] : Vn (x) > s} , 

with inf = 1, and observe that the above definition is well given and also that, for every n > 1, every 
t e [0,1] and s > 0, V'n (i) = ||7i'ri.tUn||j--| is a tJ"-stopping time and pn^s is a J^'^" -stopping time. In 
particular, for every a; > and t e [0, 1], 

According to the well known Dambis-Dubins-Schwarz Theorem (see e.g. [251 Ch. V]), the underlying 
probability space can be suitably enlarged in order to support a sequence of stochastic processes W" such 
that, for each fixed n, W^ is a tJ"-Brownian motion started from zero, and also 

SxA^n,tUn) = W^''J^^y iG[0,l]. (21) 

Since, in general, Pn,jp^{t) ^ t, G^ r^) 3 ^t" for every t £ [0,1]. It follows that, for the sequence t„ 
appearing in the statement of Theorem [7| 

Un Q Un+l n J^t'^" C Un+l C] 0^„(t„)- 

Thus, all conditions of Proposition are verified, with 7i" = Q"" and t„ — ipn (tn), and therefore, for 
every U* = V„Z^„-measurable and real- valued random variable Z, 

{W,Z)^^ {W,Z), 



where W is a Brownian motion independent of Z. Moreover, since ■!/)„ (1) = |l7r„^iu„|L 
assumption, wc conclude that, for every Z gU*, 



Y eU* hy 



law 



iW",Z,^^il))-iW,Z,Y). 

Now observe that Sx„ (u„) = W^ ^^^ by H21|l and also that, thanks to a further application of the 
Continuous Mapping Theorem, 





K„(i)'^; 


)=((5x„K0,^)'^(VFy,Z), 


implying that, for every 7, A G M, 




E 


gi7ZgiA,5x„(«„) 


-^E[e'^^e'^^^] =E 


e^7^g-^F- 


which yields the desired co 


iiclusion. ■ 







2.5 Further refinements 

The following result is a refinement of Theorem [7| and Corollary |S1 It will be used in the next section to 
characterize the stable convergence of double Wiener-Ito integrals. It is proved in 122 Proposition 10, 
Theorem 22 and formula (123)]. The setting is that of Theorem [T] io„, n > 1, is a real separable Hilbert 
space; X„ — X„ (io„), n > 1, is an isonormal Gaussian process over io„. 

Theorem 10 Keep the assumptions of Theorem^ (in particular, u„ € L^^ (i3„,X„) for every n, and 
U5\) . U6]} and jlT)) are verified). Then, as n ^ +00, 

E [exp {iXSx,, (un)) I J't: (Xn)] ^ exp (- y^) , VA e M. 
Moreover, if there exists a finite random variable C {lj) > such that, for some rj > 0, 

E [\Sx„ ("rOr I K^] <Ciuj), Vti > 1, a.s.-V, 
then, there is a subsequence {n (fc) : fc > 1} such that, a.s. - P, 

A2 



E 



exp {iX5x„ (u„)) I J^t^^ 



k) 



k — > + oo 



exp 



-Y 



VAe 



3 Main results 

Although Corollary |S1 is quite general, the explicit computation of the projections 

proj{Dx„F^\Ll^{f),Xn)). n > 1, 

may be rather difficult. In this section, we prove simpler sufficient conditions ensuring that the second 
asymptotic relation in H18|l is satisfied, when (F„) is a sequence of multiple Wiener-Ito integrals of a 
fixed order. In particular, these conditions do not involve any projection on the spaces Lj {Sj, Xn). The 
techniques developed below can be suitably extended to study the joint convergence of vectors of multiple 
Wiener-Ito integrals. This issue will be studied in a separate paper. 
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3.1 Statements 

To start, fix a real separable Hilbert space i} and let {ck : fc > 1} be a complete orthonormal system in 
Sj. For every d > 1, every p = 0, ...,d and / € S)^'^, we define the contraction of / of order p to be the 
element of i3®2(d-p) gjygj^ i^y 

oo 
ii,...,ip = l 

and we denote by (/ ^p f) its symmctrization. As shown in p^ and [^ , the asymptotic behavior of 
the contractions f ®p f ^ p — 1, ..., n — 1, plays a crucial role in the proof of CLTs for multiple Wiener-Ito 
integrals. To obtain analogous results in the case of stable convergence, we need to define a further class 
of contraction operators, constructed by means of resolutions of the identity. To this end, fix tt S 7?. (io), 
t e [0, 1] and d > 1, and define Trf' : f)'^'^ ^ fi®'' to be the nth tensor product of tt*, that is, nf^ is the 
projection operator, from S)®'^ to itself, given by 

irf^ = TTt®TTt® --^Th. (23) 

d times 

For every d > 1, j> = 0, ...,n, t G [0, 1] and / G i^®^, we write / (K)^'* / to indicate the element of 

OO 

ii,...,ip = l 

and, as before, we denote by (/ (8)^'* /) its symmctrization. We define / (g)^'* / to be the generalized 
contraction kernel of order p, associated to tt and t. For instance, for / G f)'^'^ , 

f ®;'' f^f®j>f, f ®;'' / = 0, and / (^y f = II « - Trf*) /||^«, . (25) 

Remark — When S^ — L^ {Z, Z, v), where v is cr-finite and non-atomic, and tt G 7?, {?)) has the form 

TTt/ (z) = / (2:) IZt (z) , Z e Z, 

where ^t is an increasing sequence in Z such that Zq = and Zi = Z, we have the following elementary 
relation: for every d > 1, p = 0, ...,d, t e [0, 1] and / e i}®'' = L^ [z'^d ^ ^'^d ^ ^m^ ^ 

f «>«'* / (^1, ■•■, Z2(d~p)) = fizi, ..., Zd-p,Xp) f (Zd-p+l, ..., Z2(d-p),Xp) ly'^P (dxp) , 

since, for every /i € L^ (Z®p, Z®p, v'^p), 

i^T - ^f^) h (xp) = {izp (xp) - Izf (xp)) ft. (xp) = lzp\zf (xp) ft (xp) . 

The next result, which is the main achievement of the paper, generalizes the crucial part of the CLT 
stated in ^J Theorem 1] to the case of the stable convergence. Its proof is postponed to the next section. 

Theorem 11 Let S^n, Xn {^n), "^n, in andUn, n> 1, satisfy the assumptions of Corollary\^ Fix d> 2, 
and consider a sequence of random variables {Fn '■ n > 1}, such that, for every n, 

Fn = If- ifn) , (26) 
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for a certain fn G -Q® , and 



moreover 



E [F„ I T:: (X„)] = I^- «„/„) U'' (27) 



and 

E[F^\T-:iXr,)]^YeU*. (28) 

Then, the following hold: 
1. for every n>\, 

E[Fl\T^:{X^)\ - d!|l/„|l^«. (29) 

d-l 



X: (rf - r)\{^)l It [<: (/n ®74" fn)] + or (1) , 
r— 1 ^ ^ 



where op (1) stands for a sequence of random variables converging to zero in probability; 
2. if TTn G T^AC i^n) for every n>\ and, for every r = 1, ..., d— \, 

II Kf - <t ) (/« ^^- *" /«) fif- „ -^ 0^ (30) 

||proj{i^x„F«|iL(-^n,X„)}||' \ Y, (31) 

anrf therefore 

Fn ^(sM') IEm (■) a«rf E [exp {iXF^) \ T^- (X„)] ^ exp (- y^ , VA e M, 



where fi{X) =cxpf-^yj, VA G R. 

Remarks — (a) Since, due to LemmaOand for any continuous tt e 7?. (io), there exists a non decreasing 
function (^ such that tt = 7i'0() is absolutely continuous, Theorem 1111 applies de facto to any sequence 
7r„ e7^(^„),n> 1. 

(b) Suppose that X„ {f)n) = X [SS) for every n > 1. Then, the random variables -F„, n>l, appearing 
in H2t)l) all belong to the same Wiener chaos, and, due to H29|l . the sequence E [F,j | JFj'^" (X,i)], n>l, 
belongs to the same finite sum of d Wiener chaoses. Recall also that, on a finite sum of Wiener chaoses, 
the topology induced by convergence in probability is equivalent to the U' topology, for every p > 1 (see 
e.g. |22j). When (|27|l and (|28(l are verified, we therefore deduce from H29(l that Y has necessarily the 
form 

d-l 

y = E(r) + ^/2^(.9,), (32) 



for some gr G ^®'' and r = l,...,d— 1. Moreover, (|28|l is equivalent to the condition: as 



n -^ +00, 



2 



rf! \\fn\\f,0d —^ E{Y) and, for r = l,...,d- 1, 

(d ry.(^^ X «t (/« ®^-J" /«)), - 3^ (33) 

in ^®^''. It follows that, for r = 1, ...,(i — 1, the two operators /„ (^'^_r fn and /„ (^X-r fm from f) to 
i^®^*", defined as 

fn - ('^-0!(^) KfAfn®7-> fn)),^ fn®l-rfn (34) 

/« - «r-<t)(/«®^-*"/«)=/n®r-./n, (35) 
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solve the problem raised in the Introduction. Indeed, under H27|l and the normalization condition 
^MI/nlU»<i ^^ IE(F), due to Theorem [TTl and (|^ . the asymptotic relation (Q) implies that //(/«) 
converges stably to \/Y x iV, where A^ is a centered standard Gaussian random variable independent of 
Y. 

We now show that the conclusions of Theorem ^2 may be strengthened in the case of a sequence of 
double Wiener-Ito integrals, i.e. in the case d = 2. The proof of the next result is deferred to the Section 
3.3. 



Theorem 12 Under the assumptions and notation of Theorem \ll\ (in particular, j^T} ) and i)i^ji|) are in 
order), suppose that d = 2 and that the following implication holds: 



E (E [F* I J'l" (Xn)] - 3Y' 
Then, the following are equivalent 
(i) \\proj{Dx„Fn\LlJ^„,Xn)}\\l 



if and only if E [F^ \ T^^ (X„)] ^ 3Y^ 



(36) 



Y: 



(ii) E [cxp (iXFn) I T^: (X„)] ^ exp (-^^j , VA e M; 

(iii) E[F^\:F::{Xn)]^3Y^; 

(iv) ||«i--f.l) (/«<"'*" /«)||^o. - 0. 

Moreover, if either one of conditions (i)-(iv) is satisfied, F^ —^(s,u*) E/i (•), where p. (A) = exp I —\-Y 



Remark — (a) Due again to the equivalence of the L" and L^ topology on a finite sum of Wiener 
chaoses (see |27]), condition (|5^ is verified in the case i3„ = i3 and X„ {^) — X {Sj), for every n > 1. 

(b) When d = 2, the second part of Theorem ^] corresponds to the implications (iv) =^ (i) =^ (ii) 
of Theorem [121 

The next consequence of Theorem II II is a central limit theorem, generalizing Theorem ^ 

Corollary 13 Let Sjn, X^ {^n), n ^ Ij be defined as above, and suppose that 7r„ € Ti-AC i^n) for each n. 
For d > 2, consider a sequence of multiple Wiener-Ito integrals I I^j " {fn) '■ n > 1> s.t. /„ G ^n"^, o,nd 



E 



Id " (/n) - rf! ll/n|L»<' 



n — ' + 00 



Then, the following are equivalent 

(i) \\proj {DxJ^- (/„) I Ll^ (i5„,X„)} 



-S^Ti n^-\-oo 



(ii) 



exp 



(»A/f " (/„) 



n — > + oo 



law 



exp ( -^ V VA e R, that is, I^" (/„) '^ N (0, 1); 



(iii) E I^- (/„ 



(iv) ||/„«ld-r/n|L02- 



3; 



n— ^ + oo 



0, Vr = l,...,d-l. 



Proof. The equivalence of the three conditions (ii)-(iv) is the object of Theorem^ That (i) implies 
(ii) follows from Corollary |H1 in the case i„ = for every n. Finally, (iv) implies (i) thanks to Theorem 
llH-2. again in the case t„ = 0. ■ 
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3.2 Proof of Theorem [TTl 

We start by proving an auxiliary analytic result. Let {A, A) be a measurable space. For m> 1, let ^m 
be shorthand for a vector ^^ = {{ai,Xi) ; ..., (a™; a;,„)) G {A x [0,1])™ and, for such ^m, note ^^ the 
maximum of ^„i in the variables xi, ...,Xm, i.e. ^„ = ((01,2:1) ; ..., {am',Xm)) — maxi=i^...^„ (xi). In what 
follows, I {d^) stands for a (T-finite positive measure on A x [0, 1], such that, for every fixed x* G [0, 1], 
I {{a,x) : X = X*} = (note that this implies that I is non-atomic). For to > 1, Z™ (d^m) is the canonical 
product measure on {A x [0, 1])™ (with l^ = I hy convention). 



Lemma 14 Let m,r > 1, C Q [0, 1] and D C [0, 1] . Then, for every symmetric function f G 
Ll ({A X [0, 1])"+" , f"+^) ^ Ll (/"+'-) 



A-xC J AxC 



AxC J AxC 



2 



'AxD JAxD 

Proof. Start by writing 



/ {C7n,ar) f (7m, Or) f [dar) 
AxD 

I (Cm, ttr) / ilni.ar) 1 ^^-^^^^^^^-J^-^F [dUr) 
I (Cm, ar) / (Cm, Pr) 1 (|^<max(Q,X)) ^™ (^'^™) 



AxD 



l"" (dU) l"" {dim) (37) 

2 

r {dur) r (dPr) ■ 



AxC 



AxC J AxC 



f {£.ra, ar) f {"fm, "r) I'' (^Ckr) 



AxD 



/'" (dCm) r (d7m) 



AxC J AxC 

xfl 



/(Cm,ar)/(7m,ar) X 



(38) 



AxD 



AxC JAxC 



AxD 



(..„<„.ax(e„,^„)) + l(^.>max(|„,^„)) j ^^ ('^«'-) J '" (d^) ^™ (^7™) 

-1 2 
/ (Cm, "r) / (7m, "r) ^ (Q,<max(5,„ ,-,„)) ^"^ ('^"'■) 

/ (Cm, ar) f (7m, ar) 1 (a,,>max(e„ ,7„)) ''' (^"'■) 
/ {^m, ar) f (7m, "r) l(s,<max(|,„,7„) ) ^'' (^"'■) 

/ (Cm, /3r) / (7m, /3r) l(:a,,>max(5„,7„)) ^'' i^Pr) 



AxC J AxC 



AxC J AxC 



AxD 



AxD 



r"(dCm)^'"(rf7m) 

-\ 2 

r(dCm);'"(d7m) 



;"(dCm)^"(rf7m) 



AxD 



L(l) + L(2) + L(3) 



(note that the equahty l|S5|) holds because of the assumption: l{{a,x) : x — x*} — 0, Vx*). Now, by using 
a standard Fubini theorem, 



L{2) 



AxD J AxD 



AxC 



f (7m, a^) / (7m, /?r) 1 (-^^ ^^j^^^j^ j,^)) T" (^7™) 



r (dar) F (dPr) : 
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and also 



JaxcJaxc Jaxd ^ ^ ' V-m'm;; 



I AxC J AxC VJ AxD 
X 



AxD 



f (^m, /3,.) / (7m, /3r) l(,nax(a,,:3,)>max(C,„ ,7„)) ''' ('^^'■^ 
X l(mi„(z.„ A)<e„<max(s.,/3,))^'" (^^™)] ^ I'' (dar) V (d/3,) + 

r r 



l"'id^m)l"'{djm) 



AxD JAxD 



AxC 



f (Cm, ar) f (Cm, Pr) l(min(a,,:3.)<C™<max(a,,,;a,.))^'" (^^"^ 



AxC 



/ (7m, aO / (7m, /?r) l(^^<„ji„(^^,3_ ))/"" (^7™) 



f{dar)f{dl3r 



AxD J AxD U AxC 



^ f {&n,ar) f (Cm, /3r) 1 (^,,^ <max(a,X)) '™ (^'^™) 



r (da^) /'■ (dPr) 



The last relation implies that 
L{2) + L{3) 

hence proving H37|) . ■ 

Remark - With the notation of Lemma IT^ suppose that the sequence /„ G L^ (Z™+''), n> 1, is such 
that < \\fn\\L2/(-m+r-\ : ri > 1 > is bounded and, as n — > +00, 



AxC J AxC 



In {£,m,ar) fn (jm, "r) I'' {dUr) 



AxD 



AxD J AxD 



AxC 



fn \S1n7 O^r ) fn \Sm7 Pr ) I' \^^m) 



?"(rfCm)r(d7„) 



r (dar) r (d^r) 



(39) 



(note that the equality in 139|) derives from a standard Fubini theorem). Then, by H38|l and 1)3 7|) . Lemma 
1141 implies that the sequence Qi (n), defined for i — 1, 2, 3, 4 by 



Qiin) 



Q2{n) = 



AxC J AxC 



1 2 



AxD 



f (Cm, a^) / (7m, ar) ^ (a,<max(«„ ,-„)) ''' (^"'■) 



AxD J AxD 



in) 



AxC JAxC 



AxD J AxD 



I {^rn, ar) f {^m. Pr) ^(J <,„axfa. fl ))'" (d^) 
AxC ^ ^ " 

f {£.m,ar) f (7m, a^) 1 (a,.>max(c,„ ,-„.)) ''' '^^"'''' 
/ iU, ar) f (Cm, (3r) 1(J„^ <min(a.3,)) ^" (^^™) 



AxD 



AxC 



(34 (71) = 



AxD J AxD 



1 2 



/ (Cm, "r)/ (Cm, /3r)l 



AxC 



(4„>max(a^,/3,.))' v'^Cm 



AxC^'AxC 



AxD 



f iCm,ar) f (7m, a,.) 1 (^-^^^.^^(^^^-^^^^F (dar) 



r(dCm);"(rf7m) 

r (dar) V {d(3r) , 

J 

r(dCm)^'"(d7m) 

r {dar) V [dpr) , 
V (dar) r (dpr) 

r {dCm) r (d7m) 



(the equalities after the definitions of Qs (n) and (34 (?t.) are again a consequence of the Fubini theorem) 
converges to as n — > +00. This fact will be used in the proof of TheoremllH-2. 
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{Proof of Theorem \ll\ -l) By using a standard multiplication formula for multiple stochastic integrals 
(see e.g. ^| Proposition 1.5.1]), we obtain that 



and consequently, for n > 1, 



d\' 



Fl = d\ WfnWlf^ + ^ (d - r)! It [fn ^d-r /„] , n>l, 



E[F^\J^^:{X,,)] = dlWfJl^. (40) 

+ ^ (d - r) ! f ^) 'it [<: (fn ®d-r fn)] • 



Now observe that, for r — I, ...,d, 

itKTAfn^'i-rfn)] = /2''." Kt (/" ^d- '" /«)] (41) 

and, in particular, for r = d 

4" [<f (fn ®o /„)] = 4" [«„/«) ®o «„/«)] • (42) 

It follows from formulae (|40|l . H41|) and 142|) . that Theorem II IH is proved, once it is shown that 
^2r'' [«l/n) ^d-r Kl/n)] - 0, in L^ (F) , for evcry r = 1, ..., d. But 



,4 

'" n—*-\-oo 



E {/s"^" [«„/«) <»d^r i^^ijn)]'} <{d- r)! |K„/Ji:.. ^ 
due to assumption H27|l. hence yielding the desired conclusion. 



(Proof of Theorem \l l\ -2) For tti > 1, we write x™ to indicate a vector x^ = (xi, ..., Xm) € [0, 1]™, and 
also Xm = inaxi=i^...^„ (xi). Moreover, dx™ indicates the restriction of the Lebesgue measure to [0, 1]™. 
We first prove Theoremllll-2 when the following assumptions (a) and (b) are verified: (a) for every n > 1, 

9)n = L^ {An X [0, 1] , fin, An ^ B {[0, 1])) , (43) 

where {An-, An) is a measurable space, i^„ is a cr-finite (positive) measure on {An, An), and 

/i„ {da, dx) — kn (a, x) {vn {da) dx} , (44) 

where fc„ € L^ {An x [0, 1] , Vn, An ^ B ([0, 1])) and fc„ > 0; (b) for every n, for every (a, x) G j4„ x [0, 1] 
and for every h € Sjn, 

Trn,th{a,x) ^h{a,x)l[Q^t]{x) , Vt G [0, 1] . (45) 



Note that ^„ is non-atomic, and also that, in this setting, i^®** ~ i^ {{An x [0,1]) ,Mn'^) fo'' every 
d > 2 and 

Sjr-Ll[{AnX{0,l])',f,r)- 

It follows that every / G i^®'' can be identified with a (square integrable) function 
f{ai,...,ad;xi,...,Xd)^f{sid;:x-d), a^ e ylf^, x^ e [0, 1] , 
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which is symnietric in the variables {ai,xi) , ..., {ad,Xd)- Moreover, by using the notation introduced in 
formulae ^^-^^, for every / e ij®'^ and every t € [0, 1], 



7rf,t/(ad;xd) = /(arf;x<i)l[oi]d (xrf) and (46) 

[0,l]''\[0,t]'' 



«i - <?) / (ad; Xd) = / (a^; Xrf) l[o,i]^[o,t]^ M , a^ e A^ x^ e [0, 1]'* . (47) 



Finally, we observe that (by using the notation introduced before the statement of Lemma |14|) . for 
every m > 1, every x^ = (xi, ...,a;,„) e [0,1]™ and every ^^ e (^„ x [0,1])™ with the form S,m = 



?m = iiai,xi) ,..., {am, Xm)) = {xi,...,Xm) = x„ . (48) 

For Sjn and 7r„ G TZ (io„) (n > 1) as in (|15|l . ifl^ and (|15|l . consider the sequence of isonormal Gaussian 
processes X„ = X„ (i3„), n > 1, appearing in the statement of Theorem ^2 Since, according to H26|l . 
Fn = I^" ifn), we obtain immediately that, for n > 1, 

Dx„Fr, (a, x) = dx /f_", (/„ (a, •; x, •)) , (49) 

where, for every fixed (a, a;) G Ax [0,1], fn{o-,-',x,-) stands for the (symmetric) function, from [A x 
[0, l]Y-^ to R, 

{ai,...,ad-i]Xi, ...,Xd-i) i-> /„ (a, ai, ..., Orf^i; x, xi, ...,a;rf^i) . 

In this framework, the sequence proj \^Dx„Fn \ L\^ (io„,X„)}, n > 1, can be easily made explicit by 
means of the following result. 

Lemma 15 If Sjn cmd 7r„ e 7?. {S)n), n> 1, satisfy relations j^5] ), ^44V o^c' i4^ j for every u — u {a, x) & 
L2(i3„,X„), P-a.s., 

proj {u I Ll^ {^n,Xn)} (a, x)^E[u (a, x) \ Tl^ (X„)] , (50) 

/or /z„-a.e. (a, a;), where the filtration J-'^"- (X„), a; G [0, 1], is defined according to if^]. 

Proof. Denote by u* the process appearing on the right hand side of USUI) . To show that u* is an 
element of L^^^ {SJn,Xn) we need to show that it is a 7r„-adapted element of L'^ (i3„, X„) . Since u belongs 
to Z/^ {SJn,Xn), so does u*. Moreover, u* is 7r„-adapted because, for every h £ Sjn and every t G [0, 1], 



{u*,7rn,th)^ = / u* {a, x) Tin, th {a, x) ^n {da, dx) 

JA„x[0,ll 



A„x[oa] 

E [u (a, x) I JF^" (-'^n)] h {a, x) fin {da, dx) G Ti" {Xn) , 

A„x[0,t] 

by (|^ . Now consider an element of E^^^ (i3„, Xn) with the form .g = $ (ti ) (7r„_t2 — TTn,ti ) f where t^ > ti, 
f G Sjn and $ (ii) G ^j'^" (-'(^n) is square-integrable. Then, 

(^'ff)L2(S X) ^ ^ u{a,t)g{a,x)fj.n{da,dx) 

JA„x[OS] 

E ($ (ti) M (a, a;) / (a, x)) /i„ (da, dx) 

A„x(ti,t2] 



E ($ (ti) E [u (a, x) I ^;" (X„)]) / (a, a;) /i„ (da, dx) 

A„x(ti,t2] 
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where we have used a Fubini theorem and the fact that $ (ti) e T"^"^ [Xn). Since f,r„ (^n,^n) is total 
in i^„ (i3„,^„), we deduce that (u,5)L2(i5„,x„) = ("*'5)l2(p,^_x„)' ^^^ every 5 € L^^ (i5„,X„), hence 
u* = proj {u I L\^ (io„,X„)} as required. ■ 



In particular, thanks to the classic properties of multiple Wiener-Ito integral and conditional expec- 
tations (see e.g. ^Hl), we deduce from (gS)) and (gHJ that, for F„ = /j^" (/„) as in ^^ and x e [0, 1], 



proj {Dx^Fr, I Ll^ (i5„, X„)} (a, x) - dE /^_"i (/„ (a, •; x, •)) | ^I" (^„) 



(51) 



= dl 



d-i (/"(a, •;a;,-)lA^-ix[o,x]''-i ('' Oj 



and consequently 

\\proj{Dx„Fn \Ll^{f)n.Xn)]\ 



yl„X 



^d^-i (/«(«'■; 2;,-) 1^-1 xfOxl^'-O fJ'nida,dx). (52) 

[0,1] ^ " I ^ J / 



Now note that, thanks to ^, © and the fact that E (i^„) = 0, 



E \\proj {Dx^Fn I Ll^ (io„, Xn)}\ 



S (proj {Dx^Fn I Ll^ (i3„,X„)})' 



Moreover, the chaotic expansion of the right hand side of H52|l can be made explicit thanks to the 
standard multiplication formula (see again ^1 Proposition 1.5.1]) 

il\ {gf = {d- 1)! I1.9ll^«.-. + E 9! ('^ ; ^) '^^IS-i-,) (9 «. 9) , 

q=0 \ 9 / 



applied to 5 = /„ (a, •; a;, •) l^d 



A^^^xfO,!]-*-! 



(for every fixed (a,x)), from which we obtain 



M„x[0,l] 
dl\\fn\\l,»d +d'^^q 



"1 [fn {a, ■; X, ■) l^d-i ^^Q,^^i-ij fin{da,dx) 



(d-\ 



g=0 



/. 



x„ 



2{d-l-q) 



/„ (a, ag, •; a;, Xg, •) x 



A„x[0,l] yJ(A„x[0,i:])' 

X /n(a:ag,--;a;,Xg,--)l(^^^[o,j,]-|2(d-i-<,) {■;■■) fif' (dag, dXq) ^„ (da, dx) 



r=l 



/n (a,ad-l-r, Sa^iXd-l-r, •) X 



(53) 



M„x[04] J(yl„x[0,a;])''"i"'' 

X /„ (a, ad_i_^, ••; a;, x^-i-r, ••) 1(a„x[o,2;])^- (•' '•) M®''^^"'' (da^-i-r, dx^-i-^) A*n (c^«: f^^;) 
where the last term is obtained by putting r ~ d — q — 1, and by using the identity 



d^ql 



d-l 
d-q-1 



d'^{d~l~r)l 



d-l 



(d-r)!(J (d-r). 
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and where we also applied, to obtain (|53|) . a standard stochastic Fubini theorem (which is a con- 
sequence of the linearity of multiple stochastic integrals-see e.g. JX Chapter 1]). We shall now 
use the symmetry of the function /„ in its first d — r variables, as well as the relation [0, 1] ^' 

Ui=i,...,d-r {{o-ii •■•J o-d-r) '■ O'i > o,j, Vj 7^ «}, whcrc the union is disjoint, and the symbol ' =' ' means 
that the equality is true up to sets of zero Lebesgue measure. Thus, for r = l,...,d— 1, and for any pair 

(b„z,),(b;,z;)e(A„x [o,i])'' 

(d-r) / /„ (a,ad_i_r,br;X,Xd_l-r,Zr) /n (a,ad_i_r,b^;2:,Xd-l-r,Zr) X 

Ja„x[OS] J{A„x[0,x]y-'^-'' 

Xl(A„x[0,2;])- {K,Zr)l(A„xlO,x]r {K, z'^) fJ.n'^^^^'' {da.d-1-r, dxd-l-r) f^n {da, dx) 
Jn (a-d— r, b^; X-d—r, Z^j Jn (Sd— r, b^,; 'X.d — r, Z,^j X 



[A^xlO,!])" 
^'i-{A„x[0,Sta-r])'' (t»r,Zr) 1(A„ X [0,Xd_r])'' (^UK) f^n ~'" {dS-d-r, dxd-r) 

Jn [l^d—n b^; Xd—n Zr j Jn \'^d~n bj,; X.d~rj Z^j l{max(zr,z' )<Xd_,,}/^n [aS-d—n aXd—r) ] 

(A„x[0,l])'*-" 

(recall that Std-r — maxi^i d-r^i)- Observe that the last integral would be the contraction fn®d-r fm 

if there was no indicator functions inside the integral. Now denote by 

Jn \^d-ri **r; ^d-n *r) Jn \^d-r, **ri ^d-n *r) l{max(*r,*' )<Xd-r}/^n [d^d-n dXd-r) 

'{A„x[o,i]y-'- 

the application, from {An x [0, a;])*^ x {An x [0,x])'^ to R, given by 



((br,Zr) ,(bj,,zj,)) 1~> / /„(ad-r,br;Xd-r,Zr) X 

J(yl„x[0,l])'*-'- 

X/ri (S-d-rj b,,; Xd-n Z^j l{max(zr,z^)<Xd_r}A'n {d&d-r, dXd-r) ■ 

Relation (j52|l and the preceding computation imply that 
\\proj{Dx^Fn\Ll„>{Sln,Xn)}\\l^ 

d-1 ^ ,s 2 / ^ 

= f^MI/nllflO'' +y'(rf-0!( ) -^2^" / fn{ad-r,**r;X,Xd-r,*r) ^ (54) 

^ VV yJiA^xlO,!])"-'- 

Now, for r = 1, ..., d— 1 and i G [0, 1], 

/ Jn {ad-r, **r; Xrf-r, *r) /n {ad-r, **ri ^d-r, *r) l{max(9^.?' )<Sid-r}l^n {dad-r, dXd-r) 

J(A„x[0,l])'^-'' 



(A„x[0,t])''-" 



Jn {ad-r, **r', ^d-r, *r) Jn {ad-r, **r', ^d-r, *r) -'-{max(*^,*^)<Xd_r}/^n {dad-r, dXd-r) 

Jn (ad-r, **r; ^d—r, *r j X 
/Aj;-"x([0,l]'*-'-\[0,t]''-'-) 

X Jn {ad-r, **r! ^d-r, *r) ■'■{maxpr ,*'r)<Xd_,,}Mn (ua-d-r, dXd-r) 

^ Gr,,(l) + G[,,(2), 

(plainly, GJ^ ^ (1) , GJ^ j (2) € ^n"^^) ^-^^ observe that, by bounding the indicator function by 1 and using 
the Cauchy-Schwarz inequality, 



E 



It K,t (1)) J = (20! (GL, (1))^ ^^,^ < (2r)! 



/,a 



[0,*]' 
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Now, if i„ is the sequence in the statement of Theorem E] one has 



d\ 



fnl 



[o,t„]'' 



,.=IE(/<f"«l/n)')-0. 



Thus, (EZIl imphes 



hm E 

n — ^+00 






= 0. 



We now deal with Gl^ j (2). For every t e [0, 1], we may write 

Gn,t (2) = Gn,t (2) lA2'-x[0,t]^'^ + Gn,t (2) '^ Al^ ■x{[QSf'-\[Q,tf^) = ^n,t (1) + ^"^,1 (2) • (55) 

Consider first HJ^ ^ (1). Because of the presence of the indicator function 1^2rxfo tl^''' ^^"^ indicator 
function in the integral defining GJ^ j (2) is always equal to 1, and one gets, for every r — 1, ..., d — 1, 

^«t(l) = W /n(ad-r,**r;Xd-r,*r) X 

which appears in (|29|l . Then, in view of (|28|l . ()29f) and H54(l . we have that 



d-l 



P^oj 



{D;,„^„|i^Ji5„,X„)}|r^^=r + op(l) + 5](d-r)! /f;> (i/,L„ (2)) 



where ij; ^^ (2) € io^^r jg defined by (ESJ. We shall now show that ^ implies H^^^^^ (2) ^ in iof ^r^ j^j. 
every r = l,...,(i— 1. Now observe that, because of (|43|l . 144|l and 145|l . condition H3()|l can be rewritten 
as follows: for every r — \....,d~l, the sequence Z,. (n) e -Q®^'^, rt > 1, defined as 



Zr (n) 



/„(ad_r,**r;Xd-r,*r) X (56) 

X Jn (a-d-r, **rJ Xd-r, *r) /^n [d&d-r^ d'X.d-r) I 1^2r x ('[0,l]2'-\[0,t„]2'-') ■ 






is such that 



lim II Zr (n)|L»2'- = 



n — ^-{-oo 



(57) 



As a consequence, in this case the statement is proved once it is shown that, for r ~ 1, ...,d— 1, ^ 

I I 2 m^-^m 

implies necessarily that hm„^+oo ||-ffn,t„ (2)|L®2r = (recall that H^^^.^^ (2) is given by (I^SJ)). To this 
end, introduce the notation: for every q > 1, every p = 0, ..., q and t G [0, 1] 

Tn {q^p) — {(ag,Xq) e Af^ X [0, 1]'' : there are exactly p indices i such that Xi < t} 

and note that, for q > 1, up to sets of zero /i„ - measure. 



9-1 



Siiq) ^ A«x([0,ir\[0,in=UT*(g,p), 



p=0 



(2g) = Al^x{[0,lf''\[Q,tf'^)^ U r*(g,p)xr*(q,.), 



(58) 
(59) 



P,5>0 

p/\s<q—l 
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where the unions are disjoint. With this notation, by (|58|) . (|59|l and the fact that /x„ is non-atomic (so 
that we can write < instead of < in the indicator function defining H^ ^ (2)), we therefore obtain that, 
for each n, 



\KtA'2)\ 



Al^x{[0,lf''\[0,t„f) \J At-'' x{[Q,lf-''\[0,t„]''-'-) 



In (3-d— n b^; Xrf-r, Zj.) Jn [3.d-r, b^; 'X.d—r, Z^j X 



/d-r-1 



(60) 
(61) 



= Y] / { y2 fniad-r,W;^d-r,2r) X 

X /„ {ad-r, K; y^d-v, zj.) l{max(z,3;)<x<i_,}M®''~'' (rfa^-r, d^Kd-r) j A^^^'' (rfb^, rfz^) /i®^'' (db^, dzj.) 

II II 2 

To prove that ||i?^ j^ (2)|| ®2t- — > 0, it is therefore sufficient to show that, for every r — l,...,(i— 1, 
q = 0, ...,d — r — 1 and every p, s > with p A s < r — 1, the sequence 



T*^^(r,p) JTi"(r,s) \JTi"(d-r,q) 



Jn [a-d—r^ b^5 ^d—r: Zr j Jn [ad—r: b^? X^^—^^, Z^ 



(62) 



X l{max(z,,zg<S,-.}Ai?'' '' [dad-r. d^d-r) j M®^'' (dK, dZr) M^'' ((^b^, dz;) 

converges to zero, as n — > +oo. To prove this result, write (for n > 1 and r = 1, ..., d — 1) \\Zr (ri)|L»2r 
by means of (|56|l . decompose the set S*^" (2r) according to H59I) . and apply a standard Fubini argument 
to obtain that (|57|1 implies that, for every r = 1, ..., d — 1 and q — 0, ...,r — 1, the quantity 



^S*" (d-r) JS,\" (d-r) JT^" (r,g) 



(63) 



X /„(a.r,b;,_^;x^,z;j_J/x®''(da^,dx^)J /^,f'' "^ (dbd_r, dz^-r) M®'' '' (dK-rA'^'d-r) 

d—r—1 d—r—1 

fn{a^,hd-r;^r,2d-r) (64) 



E E 

p=0 s=0 JTi"^{d-r,p)JTX"{d-r,s) 



Ti" {r,q) 



X f„{sirMd-r^^r,^'d-r) IJ-T {dar,d^r)\ nT '' [dhd-r , d^d-r) fJ^T "^ (dK-r^^'d-r) 

-^ 0, as n ^ +00, (65) 

where the equality 1641) is a consequence of (I59|) . Now fix p e {0, ..., d — r — 1} and q E {0, ..., r — 1}. For 
every n > 1, we can apply Lemma |14I in the case A — A„, I = fi^j fn = f ^ "tn ~ d — r and C C [0, 1] 
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and D C [0, 1]"^ such that An x C — T*" (d — r,p) and An x D = T,*" (r, q) to obtain that 

/ / / /„ (ar,brf_r;xr,zd_r) (66) 

JT*" (d-r,p) JT*" (d-r,p) [JT*" (r,g) 

X /„ (a^, b;;_^; x^, ■l'^_^) ^if' (da,., dx^) /z®'^"'' (dbrf_,., dzrf_,.) ^i®'^-' {dh'^^^, dz'^_ J 



j j / Jn (a-r, bd-r; Xr, Z(i-r) in (a^, bj;_,,; Xr, Z^„,,j 

JT*" (d~r,p) Jt^" (d-r,p) JT^" (r,q) 

X l(x.<max(2,_.,z:,_.))'^»'^ ('^^^ ^^'■) ] ^ ^"'^'^ ('^b,.,., dzrf-.) M®'"'^ (^b',.,, dz;,.,) 



(67) 



+ 



T,i" (r,g) JT*" (r,g) 



In \^ri '^d—ri ^r; ^c?— rj In v^r' '-^c^— r; ^r' '^rf— tJ 



X 1 



(zd_r<max(xr,xj,))/ 



T,'" (d-r,p) 



^iZ {dhd-r, dza-r) fJ-T (dsLr, d^r) fJ-T {daUdx^) 



Now observe that the sequence < H/nlU^d : ?i > 1 [• is bounded by assumption (indeed, relation 

holds). We can therefore argue as in the remark following the proof of Lemma [T^ and deduce that, since 
for every p G {0, ..., d — r — 1} and q G {0, ..., r — 1} the sequence in (|Hn|l converges to (by (jHU), then 
the sequence in H62|l converges to for every r — 1, ...,d~l, whenever p = s < r— 1 and q ^ 0, ...,d—r — l. 
To prove that l|()2|l converges to for every r = 1, ..., d— 1, q = 0, ...,d — r — 1 and every p,s > such 
that p A s < r — 1, thus concluding the proof of Theorem[7|in this special setting, observe that, due to 
the Fubini theorem, the quantity 



Jn \'^d~r7 t)r j ^d—r: ^r ) In \^d — r: ^r'l ^d—r^ ^r. 



T*^^{r,p) JTi"(r,s) \JTi"(d-r,q) 



l{max(2,,2g<s,-,.}< '' (da^-,., dx^-,.) A*„ ('^b,., dz,.) ^^^'^ (db;, dz;) 



can be rewritten as 



/ / / Jn (S-d-rj b,.; Xc(_r, Z,.) /„ (aj^_,^, b; Xj^_j,, z^j 

JT*" (d-r,q) JTi" (d-r,q) \J T^" {r,p) 

X l{z,.<min(x,_,X;,_)}A^n''(^b„dz,) j X 

(/ Jn (Sd-r, b^; Xd-r, Zr) /„ (aj;_,,, b; Xj;_,,, Zj X 

JTi"{r,s) 

X l{z.<mi„(x._.,x^_ Jl^r (db., dz.) ^ ^if,''-^ (dad_., dx,_.) ^if,'''^ (da',_„ dx',_,) , 

so that the conclusion is obtained by a further application of H67() , as well as a standard version of the 
Cauchy-Schwarz inequality. 

To prove Theorem II II in the general case, we start by showing that, for every real separable Hilbert 
space .fi, and for every absolutely continuous resolution of the identity tt = {-Kt : i G [0, 1]} G "R-ac (^), 
there exists a Hilbert space i]** with the form (|43|l and 144|) (the dependence on n has been momentarily 

dropped), and a resolution -k"^ = -^ tt' : i G [0, 1] > on i]" as in ()45|l . such that the following property is 

verified: there exists a unitary transformation 
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from S)^ onto Sj, such that, for every t G [0, 1], 

TTtT = T4. (69) 

In the language of [23 Definition 5.1], H69(l imphes that the two pairs {Sj,Tr) and (i^'jTr") are equivalent. 
Note that H69I) holds if, and only if, the following condition is verified: for every t £ [0, 1], ttj — Tit\T~^. 
Moreover, since T is a unitary transformaton, T'^ — T* . To prove the existence of such a T, let tt be 
absolutely continuous on ?), set q = rank (tt), and consider a fully orthogonal 7r-reproducing subset 

S = {9j:l<]<q}Q f). (70) 

Note that the full orthogonality of S implies that, for every s,t £ [0,1] and for every i ^ j, 
{T^sgijT^tgj)^ — 0. Moreover, since tt is absolutely continuous, for every j > 1 there exists a function 
rrij (t), t € [0, 1], such that rrij (•) > 0, and 

Iktffillf, = / ™j (^) ^2;, i e [0, 1] . (71) 

Jo 

Note that (|71|l implies that nij (•) e L^ ([0, 1] , dx), and that we can always define the set S in (|70|l to 
be such that 

Now define A = N = {1, 2, ...}, set v equal to the counting measure on A, and ^ equal to the measure on 
A X [0, 1] given by ^ {da, dx) = k (a, x) {v {da) (g) dx}, where 

k {a, x) — 2_. l{j} (fl) ^j {^) : {a, x) £ A X [0, 1] , 

l{j} stands for the indicator of the singleton {j}, and dx is once again Lebesgue measure. Finally, we 
define 

S)^ = L^{Ax[0,l],fi,A(E>B[0,l]) (73) 

7rf /i" (a, a;) = /i" (a, x) Ip^t] (x) , 

for every /i'* € ^'*, every t G [0, 1], and every (a, a;) € Ax [0, 1]. We now introduce a transformation T 
defined on a dense subset of ^"i for every h^ G Sj^ with the form 

M 

/i* (a, a;) = ^ Cjl{fc^.} (a) l[o,„^.] (a;) (74) 

((a, x) e Ax [0, 1]), where Af, fc^ > 1, Uj e [0, 1] and Cj eR {j ^ 1, ..., M), 

Af 

where the g^'s are the elements of the full orthogonal set S, as defined in H70|) . By using the relation, 

{ThKThi)^^{hKh^)^,, 

which is verified for every h'^ as in H74|l . one immediately sees that T can be extended by density to a 
unitary transformation, from Sj'^ onto Sj, and moreover, since, for every t E [0, 1], 

M 
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condition H(j9|l is verified. We note again T this extended isomorphism, and, for d > 2, we write T"* = T®'^, 
and also T^ ^ T^^ = T. Observe that T'^ is an isomorphism from {p^)'^'^ onto fi®'^, {T'^Y = {T'^ 
Also, for t e [0, 1] and due to (|^ . 



T' 



(»!)"• ^(r.!)"°^(..rr^. 



■i/^* 



®drpd 



(75) 



Now, for an absolutely continuous resolution tt on ^, and for /i'* and ^^ as in H73|l . we define X 
{X (/) : / e i]} to be an isonormal Gaussian process over S^, and set 



Xt = Xt (ij") = {^T {h}) : /i» e io"} , 



(76) 



where Xj- (ft.") — X (T/i'), V/i" G io'*. It is clear that, due to the isometric property of T, Xt is an 
isonormal Gaussian process over S)^ . The proof of the following useful lemma is deferred to the Appendix. 

Lemma 16 Under the above notation, 

1. For every d > 1, / G io®^ /f (/) = /f^ ((r"*)"' /) ; 

2. B^^ = D^^, and, for every F S D^^ 

DxF^T{Dx^F); (77) 

3. For every t e [0, 1], 

^r {X) ^a{X (TTtf) ■.feSj}^a[xT (vr»ft«) : ft« £ ii«} = .Ff " (X^) ; 

4. For every u e L'^ {Sj^,Xt), u G L^, (^", ATt) i/, and only if, Tu G i^ (ij,^); 

5. For every F G B^^ , a.s.-P, 

proj{DxF\Ll{Sj,X)] = T oproj {Dx^F \ Ll, {^\Xt)} (78) 

= Topro]{T-^DxF\Ll,{^KXT)]; (79) 

6. For every d > 2, / G i^®'' (therefore, f need not he a symmetric tensor), r = l,...,d— 1 and 

te[0,i]. 






(80) 



(S5«) 



Now adopt the assumptions and notation of Theorem ^2 If 7r„ is absolutely continuous on Sjn, for 
every n > 1 there exists an isomorphism T„, from io„ onto some space SjI^, endowed with a resolution 
7r| as in lf7S|l and such that properties (|^ and lf75|) (with T„ substituting T) are verified. We also 
note At„ (ft") = Xn (Tnh^), for every /i" G ^3^^. It follows from Lemma [TCl-6 above that, if for every 
r = I, ...,d — 1, relation H30() is verified, then 



'n,l 



(gi2r 



(gi2r 



{{T:iy'fn^:H{Tf.y'fn 



(ij*. 



321- n — *+oo 



0. 



Moreover, thanks to Points 1 and 3 of Lemma [TBI 



E 



if^" ({Tf^y' fn) I K: (XtJ] = E [F„ I J^l- (A„)] ^ 
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and 



E 



if^" ({T.ny' fnY I ^:: (XtJ = IE [F„2 1 :f:: (x„)] ^ y g ^, 



from which, by using the first part of the proof, we deduce that 



proj 



[Dx^^F,,\LI,J9jIXt^)} 



^n ^^ + C>0 



Y. 



(81) 



The proof of TheoremE]is now concluded by using 1)81(1 and Theorem since, due to Lemma [THl5 above 
and the fact that T is an isomorphism. 



pro] 



{Ox^^Fn I l2, (iol,XT„)}||^, = ||t„ oproj {Dx^,^F,, \ L^, {SjIXtJ} 

= \\proj{DxFn\LlJ^^r.,Xn)}\\l . 



Remark (Concrete realizations of Wiener spaces) — For the sake of completeness, we establish some 
connections between the unitary transformation T : Sj'^ i-^ ^ used in the last part of the preceding 
proof (see (|68|l ') and the concept of concrete (filtered) Wiener space introduced in |30[ Section 5]. In 
particular, we point out that every "filtered" isonormal Gaussian process such as the pair (^Xt (■?)') ,tt^) 
introduced in ifz!^ and (fZ?^ . is equivalent (in a sense analogous to [23 Definition 5.1]) to a concrete 
Wiener space whose dimension equals the rank of nK To do this, fix g e {1, 2, ..., +00} and define 
Co ([0, 1]) to be set of continuous functions on [0, 1] that are initialized at zero. We define W(q) to be the 
set of all g-dimensional vectors of the type W(g) = {wi,W2, ■■■,Wq) (plainly, ii q = +00, W(^') is an infinite 
sequence) where Vi, Wi € Co ([0, 1]). The set W(q) is endowed with the norm ||w(q)|| , = supj<^ \wi\, 
where \wi\ = supjgro 1] |wi(t)|. Under ||-||(„), "^(q) is a Banach space. Now consider an Hilbert space 
Sj, as well as a resolution tt S TZac (^) such that rank (tt) = q. We define S — {gj : 1 < j < g} to be 
the fully orthogonal 7r-reproducing subset of S) appearing in formula H7()(l , and associate to each gj G S 
the function tuj £ L^ ([0, 1] , da;) satisfying H71|) . in such a way that H72|) is verified. To the pair (io,7r) 

we associate the Hilbert space ^(q) and a resolution of the identity tt^'^ = < tts : s £ [0,1]> £ TZ (H(q)) 
defined as follows: (i) ^(q) is the collection of all vectors of the kind h(^') = (hi, h2---, hq), where, for each 
J ^ ^i hj is a function of the form hj (t) = L h', (x) dx, for some /i' € L^ ([0, 1] , ruj (x) dx), and also 



9 ni 
2_] / {h'j (a;)) mj (x) dx < +00; 



(82) 



(ii) H(q') is endowed with the inner product 

(h(g),k(<?))(,) = 



9 

E 



h,j (x) kj (x) mj (x) dx. 



whereas | • 



(«) 



{■;■)( \ is the corresponding norm; (iii) for every s € [0, 1] and every hj™-) — (/ii,^2 



Tr^^^hfg) = (/i'i,...,/i^), where h] [t) 



tAs 



h^ [x) dx. 



(83) 



.,hq)£ 



(84) 



Note that 



k,) c W(,), 



and therefore 



that the restriction of 



'(9) 



C 



1(9) 



to 



Also, W(q) is the completion of 
to the norm 



5(9) 



Moreover, from relation 1)82(1 it follows 
is a measurable seminorm, in the sense of |13l Definition 4.4]. 



"(9) 



Hq)- 



with respect to 



KiY 



and 



'(9) 



is dense in 



^(9) 



with respect 



1(9) 

measure /i(^) on 



As a consequence (see again %Z. Theorem 4.1]), there exists a canonical Gaussian 

(\ ma 
W(^J , the mapping W(,) i-> 
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(li (w(q)j , ...,l,n ('W'(g))) defines a centered Gaussian vector such that, for every j = 1, ...,m and every 

AeM, 



Ep(,) [exp (iAlj)] = / exp {iXl^ (w(,))) d/i(g) (w(g)) = exp 



2 1^^1(9) 



(85) 



Following Pni p. 26], the triple (W(g),]HI(q'), /if^-j) (endowed with the resolution tt'^'*^ defined in JHU) is 
called a concrete Wiener space of dimension q. Note that, since WLn is dense in IHI(g), there exists a 
unique collection of centered Gaussian random variables defined on {'W(q),B (W(q))), denoted 



^(q) - ^{q) (^{?)) - {^(?) ('^(9)) ■ \<i) ^ ^(-3)} ' 



(86) 



such that Xi^q) (1) (w(g)) = 1 (w(g)) for every 1 e W*^) and E^,^, [exp {iXX^^) {\q)))] = exp \^-^ \\q)\\q) 
Vh(^) G lEII(g)- In particular, X(q) (H^^)) is an isonormal Gaussian process over 'R(q)- Now consider the 
Hilbert space ij" and the resolution vr" defined in (|73l) . and define the application To : -$3* ^-^ IHI(q) as 
follows: for every /i' (a, x) € i^", 



To 



/i»(l,a;)da;, 



(q, x) dx 



(9)r 



It is easily seen that To is a unitary transformation such that ToTtI = ttI To for every t, thus implying that 
the two pairs (i3'',7r'') and (]HI(^),7r('^)), and hence the two filtered isonormal processes (-'^(g) (KI(q)) i'"''''') 
and [Xt (Sj^) jTt"), are equivalent in the sense of [301 Definition 5.1]. 



3.3 Proof of Theorem HH 

The implications (i) =^ (ii) and (iv) =^ (i) (in which assumption H36|) is immaterial) are consequences, 

respectively, of Theorem [7| and Theorem^J Now suppose (ii) is verified. Since E [F^ \ T"^^ {)^n)\ -^ ^ 
by assumption, we may use the second part of Theorem 1 101 to deduce that for every sequence n (/c), there 
exists a subsequence n (kj,), r > 1, s.t., a.s.-P, 



E 



exp (ai^„(fc^)) I J't^^Z]^ i^nikr.)) 



exp I -—Y 1 , VA e 



Moreover, since the usual properties of multiple Wiener- Ito integrals (see e.g. [12 Chapter VI]) imply 
that, a.s.-P and due to ipHjI . 



supE 



|J\f , ^TT, 



we conclude that, a.s.- 



E 



Fn{k^)\ \ ^CZ]^ i^nik^)) 



{Fnik.)T I ^r:;r;,' (^«(..)) 



< +00, VAf > 1, 



sr" 



r — ' + 00 



and therefore that (iii) holds. To conclude, assume that the two conditions (iii) and (|36|l are verified, and 
write 

F„ - /f " «t/„) + 2/f " (7r„,t„ ® (7r„,i - 7r„,tJ /„) + /f " ((7r„,i - x„^tj®' /„) ^ ^„,o + F„,i + ^,2- 

(87) 
Due to 1271) . i^n^o ^ in i^. Also, for every n > 1, F„^2 is independent of T^" (Xn) and, conditionally 
on JFj'^" (Xn), Fni is a centered Gaussian random variable. Moreover 



E 



(F„)2 I J^l" (X„) = E (F„,o)' + (K,l)' + {Fn,2f I ^"„" (^n) 
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By writing An ^ Bn to indicate that An — Bn —^ 0, we have therefore 



E 



{Fnf I T:: (Xn) 



E 



{Fn,if I K: (^") +^ (^".2) I K" (^") 



+6E 

3; 

+6E 



{Fn,lFn^2) I ^t" i-^n) 



{Fn,lY I ^t: (Xn 



E 



{Fn 



{Fn,lFn,2) I ^t^ (Xn) ■ 

By reasoning as in TF, pp. 182-183], and noting /„^o = {t^u,! — T^n,t„) fn £ io®^, 

{Fn,2) = 3 ||/„^o||^02 + 48 ||/„^0 ^l /n,o||^»2 



= 31 



{Fnaf I K: (x. 



-48 






Standard calculations yield finally that, since H27|) and (|28|) hold, there exist constants ci, C2 > such 



that 



E 



(e [{Fnf I T^: (Xn) 



3Y' 



c\ 



(TTn^l — ■Kn.t^) }n ^i In 



fl»2 



+C2 ||(7r„,i - 7r„,t„) 7r„,t„ (/„ 0^"' " /„) 



and, since H36|l is verified and 



\®2 



_ ^®2 _ ^(g.2 



we obtain immediately the desired implication (iii)^=^(iv).H 
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4 Appendix 

Proof of Lemma 1161 - [Point 1) Let {cj : j > 1} be an orthonormal basis of S), and define, for d>\, 
A [d] to be the set of sequences (ai, 02, ...) with values in N, and such that X]i>i % ~ '^ (note that this 
implies that there are only finitely many Oj that are different from zero). Then, a total set in Sj'^'^ is 
given by 






Ad ^ { {(Sdef''')^ : {ai,a2, ...) e A[d] 



where e*^*^ = 1 by definition, and (•)^ indicates symmetrization. Moreover, a classic characterization of 
multiple stochastic integrals (see 17, Ch. 1]) as well as the fact that X (e^) — X (TT^^ei) — Xt (T^^Ci) 
by definition, imply the following relations: for every (oi, 02, ...) G A [d], 

((g)efO. = d\l[Ha^{X{e,))^dll[H,^{XT{T-'e,)) 

(oc \ / oc 

where {Ha : a > 1} is the family of Hermite polynomials defined e.g. in ^| p. 4]. It is therefore clear 
that I^ (/) ~ Ij^ [ (^'^) / ) i^ ^^'^"^ ^°'' every / that is a linear combination of elements of Ad, and the 
general result is achieved by a standard density argument. {Point 2) For m > 1, let Cj^ (R™) denote the 
class of bounded and infinitely differentiable functions on E™, whose derivatives are also bounded. We 
start by observing that, since T is a one-to-one unitary transformation, random variables of the type 



F^fiXihi),...,X {km)) = / {Xt (T-^hi) , ..., Xt {T'^hra)) 

(the equality is again a consequence of the relation X {hi) — X (TT^^Ci) — Xt (T^^hi)), where m > 1 
/ e C^ (M") and hi, ...,hm G C^ (K™), are dense 
argument, as well as the fact that, for F as in l(5Sjl . 



/ G C^ (M") and hi, ...,hm G C^ (K™), are dense both in ©^^ and B^^. To conclude, use a density 



^^^ ^ ^^/(x(/ii),...,x(/i„0)/i, 
j=i J 

™ d 
= Y. -Q^J (^T (T-i/ii) , ...,Xt (T-i/i™)) TT-^h, = TDx^F, 
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hence proving jTTJ. {Point 3) This is a consequence of the relations X {irth) = Xt {T ^TTfh) = 
Xt (T-'^TTtTT-^h) = Xt UlT-^hY that are verified for every t E [0, 1], since T-^ntT = tt*, due to 



\Tu\ 



E 



$5* 



< +00, 



(|69|l . {Point 4) Suppose u G L^, (i3'',XT). Then, since T is an isometry, E 

and therefore Tu £ L^ {Sj,X). To prove that Tu is also 7r-adapted, use the fact that, since T is an 
isometry and l|H^ holds, for every t & [0, 1] and every h G Sj, 

{Tu,Trth)^ = (Tu,rT"Vt/i)^ = (u,T"Vt/i)^, 

= (u, 4T-'h)^^ e J^f {Xt) = ^r {X) , 

due to Point 3, thus yielding u E L"^ (f), X). The opposite implication is obtained analogously. {Point 5) 
Consider first an elementary random variable if e 8.,^^ (-$3*, Xt) with the form r;' = $ (t) 1 7r'_|_^ ~ ""t ) ^^ 
where $ (t) e J^^'"" (Xt) (= J^f (^)), ^i" e S9 and s, t > 0. Then, due to (El, T?]" = $ (t) T [71?+, - ttJ] /i« 
= $(t)(7rt+5 -7rt)T/i*, and therefore T0 £ £r,{Sj,X). Now, for F e D^^, observe that a variable 
P e L^j (i3*,XT) is equal to proj {Dx^F \ L'^, (^d^Xt)} if, and only if, for every 77* G £^, (SjKXt) as 
before 



E 



(P,^») 



f}» 



= E 



(^Xri^,'f 



f)« 



(89) 



But, since T is an isometry, (|89|l and (|77() imply also that 



E 



{TP, Tt]^ 



E 



[TDx^F.T-n^ 



E 



(i?xF,r77«)^ 



Hence, since TP G L^ (-$3,-'^) due to Point 4, 

TP = T o proj {Dx^F \ L^, (io«, Xt) } = proj {i^^F | LI, (io«, Xt) } , 

thus proving (O. To prove (O, just observe that (|77|) implies that Dx^F = T^^DxF. {Point 6) Let 
again {e^ : j > 1} be an ONE of f). Note first that, for every d > 2, / G f)®'^, r = I, ..., d - 1, t G [0, 1], 
and zi, ...,id-r > 1 



((7rr-'--^f^-'^)/,e., 



-'*d-r j^«d- 



= {{T<^-r\-f 



®d~r ^®d~r 



tt; 



f,T-'e,, 



'T-^e,: 



-{4) ){T^-n LT-'e., 

Thanks to jS^l, it follows that 

- t (((^r '/).((.!)'"'■ -('.')" 

;((r')-' /).((.!)'"'■ -('.') 

iT-y' f »:'-i iT")" f) 






($5tt)»<i-'- 



T-^e, 



' T-^e,. 



T-'e, 






(^«)»<'-'- 
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As a consequence, by using H75I) and the fact that T'^ and (y^) are isonietries, 



which proves (|5n|) . 



n^.r-ur'\i{Tr'f<MTr'f 



(-!) -(-0 j(r^O /«^-./ 



(f,J)®2r- 



(i5«)« 



(T2'-)-^«'--7rr)/®^lV/ 



= ii«'--.r)(/«^-./)i 



(fl«)« 
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